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ABSTRAOT. The purpose of the present paper is to introduce the classes $\mathcal{M}^{\alpha}(\beta)$ and
$Q^{\alpha}(\beta)$ , respectively, of normalized strongly a-logarithmic convex and quasiconvex func-
tions of order $\beta$ in the open unit disk and to obtain sharp Ebket&Szeg\={o} inequalities for
functions belonging to the classes be the class $\mathcal{M}^{a}(\beta)$ and $Q^{\alpha}(\beta)$ .
1. Introduction
Let $S$ denote the class of analytic functions $f$ of the form
$f(z)$ $=z$ $+ \sum_{n=2}^{\infty}a_{n}z^{n}$ (1.1)
which are univalent in the open unit disk $\mathcal{U}=\{z:|z| <1\}$ . Aclassical theorem of
Fekete and Szeg\"o [8] states that for $f\in S$ given by (1.1),
$|a_{3}-\mu a_{2}^{2}|\leq\{\begin{array}{l}3-4\mu \mathrm{i}\mathrm{f}\mu\leq 0\mathrm{l}+2e^{-2\mu/(1-\mu)}\mathrm{i}\mathrm{f}0\leq\mu\leq \mathrm{l}4\mu-3\mathrm{i}\mathrm{f}\mu\geq \mathrm{l}\end{array}$
This inequality is sharp in the sense that for each $\mu$ there exists afunction in $S$
such that equality holds. Recently, Pfluger $[17,18]$ has considered the problem when
$\mu$ is complex. In the case of $\mathrm{C}$ , $S^{*}$ and $\mathcal{K}$ , the subclasses of convex, starlike and
close-t0-convex functions, respectively, the above inequality can be improved $[10,11]$ .
Also, Darus and Thomas [5] studied the class $\mathcal{M}^{a}$ of a-logarithmic convex functions
and they also have solved the Fekete-Szeg\"o problem for the class $\mathcal{M}^{\alpha}$ . Furthermore,
London [14] have extended the results of Abdel-Gawad and Thomas [1], Keogh and
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Merkes [10] and Koepf $[11,12]$ to the class $\mathcal{K}(\beta)$ of strongly close-t0-convex functions
of order $\beta$ . Now we introduce new classes which incorporate well-known classes of
univalent functions.
Definition 1.1. Afunction $f\in S$ given by (1.1) is said to be strongly loga-
rithmic $\alpha$-convex of order $\beta$ if
$| \arg\{(\frac{zf’(z)}{f(z)})^{1-a}(\frac{(zf’(z))’}{f(z)},)^{\alpha}\}|\leq\frac{\pi}{2}\beta$ (a $\geq 0;0<\beta\leq 1;z\in \mathcal{U}$). (1.2)
Denote by $\mathcal{M}^{\alpha}(\beta)$ the class of strongly $\alpha$-logarithmic convex functions of or-
der $\beta$ . The class $\mathcal{M}^{\alpha}(\beta)$ was introduced by Chiang [4]. In particular, the classes
$\mathcal{M}^{a}(1)=\mathcal{M}^{\alpha}$ and $\mathcal{M}^{0}(\beta)$ have been extensively studied by Lewandowski, Miller
and Zlotkiewiez [13] and Bramnan and Kirwan [2](also, see [7,20]), respectively.
Definition 1.2. Afunction $f\in S$ given by (1.1) is said to be a-logarithmic
quasiconvex of order $\beta$ if there exists afunction $g\in \mathrm{C}$ such that
$| \arg\{(,\frac{f’(z)}{g(z)})^{1-\alpha}(\frac{(zf’(z))’}{g(z)},)^{\alpha}\}|\leq\frac{\pi}{2}\beta$ $(\alpha,\beta\geq 0;z \in \mathcal{U})$ . (1.3)
We denote by $Q^{\alpha}(\beta)$ the class of strongly $\alpha$-logarithmic quasiconvex functions of
order $\beta$ . Clearly, $Q^{0}(1)$ and $Q^{1}(1)$ are the classes of close-t0-convex functions and
quasiconvex functions introduced by Kaplan [9] and Noor [15](also, see [16]), respec-
tively. Also we note that $Q^{0}(\beta)=\mathcal{K}(\beta)$ .
In the present paper, we derive sharp Fekete-Szeg\"o inequalities for functions be-
longing to the classes $\Lambda 4^{\alpha}(\beta)$ and $Q^{\alpha}(\beta)$ , which imply the results obtained by Abdel-
Gawad and Thomas [1], Darus and Thomas [5], Keogh and Merkes [10], Koepf $[1\mathrm{I},12]$ ,
and London [14].
2. Results
To prove our main results, we need the following
Lemma 2.1, Let $p$ be analytic in $\mathcal{U}$ and satisfy ${\rm Re}\{p(z)\}>0$ far $z\in \mathcal{U}$, with
$p(z)=1+p_{1}z+p_{2}z^{2}+\cdots$ . Then
$|p_{n}|\leq 2(n\geq 1)$ (2.1)
and
$|p_{2}- \frac{p_{1}^{2}}{2}|\leq 2-\frac{|p_{1}|^{2}}{2}$ . (2.2)
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The inequality (2.1) was first proved by Carath\’eodory $[3]$ ( $\mathrm{a}\mathrm{l}\mathrm{s}\mathrm{o}$ , see Duren [6, p. 41])
and the inequality (2.2) can be found in [19, p.166].
With the help of Lemma 2.1, we now derive
Theorem 2,1. Let $f\in \mathcal{M}^{\alpha}(\beta)$ and be given by (11). Then for complex number
$\mu$ ,
$|a_{3}- \mu a_{2}^{2}|\leq\frac{\beta}{1+2\alpha}\max\{1$, $\frac{|3(1+3\alpha)-4\mu(1+2\alpha)|\beta}{(1+\alpha)^{2}}\}$ .
For each $\mu$ , there is a function in $\mathcal{M}^{\alpha}(\beta)$ such that equality holds.
Proof. Prom (1.2), we can write
$( \frac{zf’(z)}{f(z)})^{1-\alpha}(\frac{(zf’(z))’}{f(z)},)^{\alpha}=p^{\beta}(z)$ ,
where $p$ is given by Lemma 2.1. Equating coefficents, we obtain
$a_{2}= \frac{\beta}{1+\alpha}p_{1}$ (2.3)
and
$a_{3}= \frac{1}{4(1+2\alpha)}(\beta(\beta-1)p_{1}^{2}+2\beta p_{2}-(\alpha^{2}-7\alpha-2)(\frac{\sqrt p_{1}}{1+\alpha})^{2})$ .
Then we have
$a_{3}- \mu a_{2}^{2}=\frac{\beta}{2(1+2\alpha)}(p_{2}-\frac{p_{1}^{2}}{2})+\frac{(3+9\alpha-4\mu(1+2\alpha))\beta^{2}p_{1}^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$ . (2.4)
Hence (2.4) and Lemma 2.1 give
$|a_{3}- \mu a_{2}^{2}|\leq\frac{\beta}{2(1+2\alpha)}(2-\frac{|p_{1}|^{2}}{2})+\frac{|3+9\alpha-4\mu(1+2\alpha)|\beta^{2}|p_{1}|^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$
$\leq\frac{\beta}{1+2\alpha}+\frac{\{|3+9\alpha-4\mu(1+2\alpha)|\beta^{2}-(1+\alpha)^{2}\beta\}|p_{1}|^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$.
Therefore, by using $|p_{1}|\leq 2$ , we have
$|a_{3}-\mu a_{2}^{2}|\leq\{$
if $k(\alpha)\leq*^{2}1+\alpha$ ,
if $k( \alpha)\geq\frac{(1+\alpha)^{2}}{-\beta}$ ,
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where
$k(\alpha)=|3(1+3\alpha)-4\mu(1+2\alpha)|$ .









The inequality for $|a_{2}|$ is sharp when $f$ is defined by (2.6) and the inequalities for
$|a_{3}|$ are sharp when $f$ is defined by (2.5) and (2.6), respectively.
Next, we consider the real number $\mu$ as follows.
Theorem 2.2. Let $f\in \mathcal{M}^{\alpha}(\beta)$ and be given by (1.1). Then for real number $\mu$ ,
$|a_{3}-\mu a_{2}^{2}|\leq\{\begin{array}{l}\frac{(3(1+3\alpha)-4(1+2\alpha)\mu)\beta^{2}}{\neg^{-}1\overline{+2}\alpha 7[1^{-}+\alpha)^{\mathcal{T}}},if\mu\leq\frac{3(1+3\alpha)\beta-(1+a)^{2}}{41\overline{1+2}\alpha\urcorner F^{-}}\mp 1\overline{2\alpha}\epsilon,if\frac{3(1+3a)\beta-(1+\alpha\}^{2}}{\neg 41+2\alpha\neg\overline{\beta}-}\leq\mu\leq\frac{3(1+S\alpha)\beta+(1+\alpha)}{4\zeta 1\overline{+2}a)\beta^{-}}’\frac{(4(1+2\alpha)\mu-3(1+\S\alpha))\beta^{2}}{(1+2\alpha)(1+\alpha)^{2}},\dot{l}f\mu\geq\frac{3(1+\S a)\beta+(1+a)^{l}}{4\Gamma 1+2a)\overline{\beta}}\end{array}$
For each $\mu$, there is a function in $\mathrm{C}^{\alpha}(\beta)$ such that equality holds in all cases.
Proof We consider two cases. At first, we suppose that $\mu\leq 3(1+3\alpha)/(4(1+2\alpha))$ .
Then (2.3) and Lemma 2.1 give
$|a_{3}- \mu a_{2}^{2}|\leq\frac{\beta}{2(1+2\alpha)}(2-\frac{|p_{1}|^{2}}{2})+\frac{(3+9\alpha-4\mu(1+2\alpha))\beta^{2}|p_{1}[^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$
$\leq\frac{\beta}{1+2\alpha}+\frac{((3+9\alpha-4\mu(1+2\alpha))\beta^{2}-(1+\alpha)^{2}\beta)|p_{1}|^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$.





$\overline{1}+\overline{2\alpha}l$ , if $\leq\mu\leq\frac{3(1+3\alpha)}{\frac{41+\mathit{2}\alpha}{}}$ ,
Equality is attained by choosing $p_{1}=p_{2}=2$ and $p_{1}=0$ , $p_{2}=2$ , respectively, in
(2.3).
Next, we suppose that $\mu$ $\geq 3(1+3\alpha)/(4(1+2\alpha))$ . In this case, it follows again
from (2.3) and Lemma 2.1 that
$|a_{3}- \mu a_{2}^{2}|\leq\frac{\beta}{2(1+2\alpha)}(2-\frac{|p_{1}|^{2}}{2})+\frac{(4\mu(1+2\alpha)-(3+9\alpha))\beta^{2}|p_{1}|^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$
$\leq\frac{\beta}{1+2\alpha}+\frac{((4\mu(1+2\alpha)-(3+9\alpha))\beta^{2}-\beta(1+\alpha)^{2})|p_{1}|^{2}}{4(1+2\alpha)(1+\alpha)^{2}}$ ,
and so, as in the first case, we have
$|a_{3}-\mu a_{2}^{2}|\leq\{\overline{1}+\overline{2a}\mathit{1}$
’
The results are sharp by choosing $p_{1}=0$ , $p_{2}=2$ and $p_{1}=2i$ , $p_{2}=-2$ , respectively,
in (2.3).
Remark 2.2. If we take $\beta=1$ in Theorem 2.1 and Theorem 2.2, then we
obtain the results by Darus and Thomas [5].
Finally, we prove
Theorem 2.3. Let $f\in Q^{\alpha}(\beta)$ and be given by (1.1). Then for $\alpha\geq 0$ and $\beta$ $\geq 0$,
we have
$3(2\alpha+1)|a_{8}-\mu a_{2}^{2}|\leq\{$
For each $\mu$ , there is a function in $Q^{\alpha}(\beta)$ such that equality holds in all cases
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Proof. Let $f\in Q^{\alpha}(\beta)$ . Then it follows from (1.2) that we may write
$(, \frac{f’(z)}{g(z)})^{1-\alpha}(\frac{(zf’(z))’}{g(z)},)^{\alpha}=p^{\beta}(z)$, (2.7)
where $g$ is convex and $p$ has positive real part. Let $g(z)=z+\mathrm{h}z^{2}+b_{3}z^{3}+\cdots$ and
let $p$ be given in the Lemma above. Then by comparing the coefficients of both sides










$+ \beta(p_{2}+\frac{1}{4}(\beta x-2)p_{1}^{2})+\beta xp_{1}b_{2}$ .
Since rotations of $f$ also belong to $Q^{\alpha}(\beta)$ , without loss of generality, we may assume
that $a_{3}-\mu a_{2}^{2}$ is positive. Thus we now estimate ${\rm Re}(a_{3}-\mu a_{2}^{2})$ .
Since $g\in \mathrm{C}$ , there exists $h(z)=1+k_{1}z+k_{2}z^{2}+\cdots$ $(|z|<1)$ with positive real
part, such that $g’(z)+zg’(z)=g’(z)h(z)$ . Hence, by equating coefficients, we get
that $4=\mathrm{k}\mathrm{i}/2$ and $4=(k_{2}+k_{1}^{2})/6$. So, by Lemma 2.1,
$3{\rm Re}(b_{3}+ \frac{1}{3}(x-2)b_{2}^{2})=\frac{1}{2}{\rm Re}(k_{2}-\frac{1}{2}k_{1}^{2})$ % $\frac{1}{4}(x+1){\rm Re} k_{1}^{2}$
(2.9)
$\leq 1-\rho^{2}+(x+1)\rho^{2}\cos 2\phi$,
where $\mathrm{h}$ $=k_{1}/2=\rho e:\emptyset$ for some $\rho$ $(0\leq\rho \leq 1)$ . We also have
6
THE FEKETE SZEGO PROBLEM
$\beta{\rm Re}(p_{2}+\frac{1}{4}(\beta x-2)p_{1}^{2})=\beta{\rm Re}(p_{2}-\frac{1}{2}p_{1}^{2})+\frac{1}{4}\beta^{2}x{\rm Re} p_{1}^{2}$
(2.10)
$\leq 2\beta(1-r^{2})+\beta^{2}xr^{2}\cos 2\theta$ ,
where $p_{1}=2re^{i\theta}$ for some $r(0\leq r\leq 1)$ . Prom (2.8-10), we obtain
3 $(2\mathrm{a}+1)(a\mathrm{a}-\mu a_{2}^{2})\leq 1-\rho^{2}+(x+1)\rho^{2}\cos 2\phi$ (2.11)
$+2\beta(1-r^{2})+\beta^{\mathit{2}}xr^{2}\cos 2\theta+2\beta xr\rho\cos(\theta+\phi)$ ,
and we now proceed to maximize the right-hand of (2.11). This function wil be
denoted by $\psi(x)$ whenever all the parameters except $x$ are held constant.
We consider first the case
$\frac{2\alpha(1-\alpha)+2\beta(3\alpha+1)}{3(2\alpha+1)(1+\beta)}\leq\mu\leq\frac{2(3\alpha+1)}{3(2\alpha+1)}$ ,
so that $0\leq x\leq 2/(1+\beta)$ . Since the $\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}-2t^{2}+t^{2}\beta x\cos 2\theta+2xt$ is the largest
when $t=x/(2-\beta x\cos 2\theta)$ , we have




and with (2.11) this establishes the second inequality in the theorem. Equality occurs
only if
$p_{1}= \frac{2x}{2-\beta x}=\frac{2\{2(3\alpha+1)-3(2\alpha+1)\mu\}}{2(\alpha+1)^{2}-\beta\{2(3\alpha+1)-3(2\alpha+1)\mu\}}$ , $p_{2}=2$ , $h$ $=b_{3}=1$ ,
and the corresponding function $f$ is defined by
$(f’(z))^{1-\alpha}((zf’(z))’)^{a}= \frac{1}{(1-z)^{2}}(\lambda\frac{1+z}{1-z}+(1-\lambda)\frac{1-z}{1+z})^{\beta}$ ,
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$\lambda=\frac{2(\alpha+1)^{2}+(1-\beta)(2(3\alpha+1)-3(2\alpha+1)\mu)}{4(\alpha+1)^{2}-2\beta(2(3\alpha+1)-3(2\alpha+1)\mu)}$.
We now prove the first inequality. Let
$\mu\leq\frac{2\alpha(1-\alpha)+2\beta(3\alpha+1)}{3(2\alpha+1)(1+\beta)}$ ,
so that $x\geq 2/(1+\beta)$ . With $x_{0}=2/(1+\beta)$ , we have
$\psi(x)=\psi(x_{0})+(x-x_{0})(\rho^{2}\cos 2\phi+\beta^{2}r^{2}\cos 2\theta+2\beta\rho r \cos(\theta+\phi))$
$\leq\psi(x_{0})+(x-x_{0})(1+\beta)^{2}$
$\leq 1+\frac{(1+\beta)^{2}\{2(3\alpha+1)-3(2\alpha+1)\mu\}}{(\alpha+1)^{2}}$
as required. Equality occurs only if $p_{1}=p_{2}=2$ , $b_{2}=\mathrm{k}$ $=1$ , and the corresponding
function $f$ is defined by
$(f’(z))^{1-\alpha}((zf’(z))’)^{\alpha}= \frac{1}{(1-z)^{2}}(\frac{1+z}{1-z})^{\beta}$
Let $x_{1}=-2/(1+\beta)$ . We shall find that $\psi(x_{1})=1+2\beta$ , and the remaining




if $x\leq x_{1}$ , that is,
$\mu\geq\frac{2(\alpha+1)^{2}+2(3\alpha+1)(1+\sqrt)}{3(2\alpha+1)(1+\beta)}$ .
Equality occurs only if $p_{1}=2i$, $b_{2}=i$ , $p_{2}=-2$ , $b_{3}=-1$ , and the corresponding
function $f$ is defined by
$(f’(z))^{1-\alpha}((zf’(z))’)^{\alpha}= \frac{1}{(1-iz)^{2}}(\frac{1+iz}{1-iz})^{\beta}$





so $\psi(x)\leq 1+2\beta$ for $x_{1}\leq x\leq 0$ , that is,
$\frac{2(3\alpha+1)}{3(2\alpha+1)}\leq\mu\leq\frac{2(\alpha+1)^{2}+2(3\alpha+1)(1+\beta)}{3(2\alpha+1)(1+\beta)}$ .
Equality occurs only if $p_{1}=\mathrm{b}$ $=0$, $p_{2}=2$ , $b_{3}=1/3$ , and the corresponding
function $f$ is defined by
$(f’(z))^{1-\alpha}((zf’(z))’)^{\alpha}= \frac{1}{1-z^{2}}(\frac{1+z^{2}}{1-z^{2}})^{\beta}=\frac{(1+z^{2})^{\beta}}{(1-z^{2})^{1+\beta}}$ .
We now show that $\psi(x_{1})\leq 1+2/\mathit{3}$. Since
$(-2+\beta x_{1}\cos 2\theta)t^{2}+2x_{1}t\rho \mathrm{c}\mathrm{o}\mathrm{e}(\theta+\phi)$
$=(-2+ \beta x_{1}\cos 2\theta)\{t+\frac{x_{1}\rho\cos(\theta+\phi)}{-2+\sqrt x_{1}\cos 2\theta}\}^{2}+\frac{x_{1}^{2}\rho^{2}\cos^{2}(\theta+\phi)}{2-\beta x_{1}\cos 2\theta}$
for all real $t$ and
$2- \beta x_{1}\cos 2\theta=2+\frac{2\beta}{1+\beta}\cos 2\theta\geq 2-\frac{2\beta}{1+\beta}\geq 0$ ,
we have
$\psi(x_{1})-(1+2\beta)\leq\rho^{2}(-1+(x_{1}+1)\cos 2\phi+\frac{\beta x_{1}^{2}(1+\mathrm{c}\mathrm{o}\mathrm{e}2(\theta+\phi))}{2(2-\beta x_{1}\cos 2\theta)})$ .
Thus we consider the inequality
$\beta x_{1}^{2}(1+\cos 2(\theta+\phi))+2(2-\beta x_{1}\cos 2\theta)(-1+(x_{1}+1)\cos 2\phi\leq 0$.
After some simplifications, this becomes
$4(\beta^{2}(\cos 2\phi+1)(\cos 2\phi-1)-\beta(1+\cos 2\theta+\sin 2\theta\sin 2\phi)-1-\cos 2\phi)\leq 0$ ,
which is true if
$2\beta^{2}\cos^{2}\theta\sin^{2}\phi+2\beta\cos\theta\sin\theta\cos\phi\sin\phi+\cos^{2}\phi\geq 0$. (2.12)
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Now, for all real $t$ ,
$2t^{2}+2t\sin\theta\cos\phi+\cos^{2}\phi$ $\geq 0$ ,
so, by taking $t=\beta$ c0s6) $\sin\phi$ , we obtain (2.12). This completes the proof of the
theorem.
Remark. Letting $\alpha=0$ in Theorem 2.3, we have the corresponding result ob-
tained by London [14], which extend the earlier results by several authors [1,5,10-12].
For $\alpha=1$ in Theorem, we have the following
Corollary 2.1. Let $f\in Q^{1}(\beta)$ and be given by (Ll). Then for $\beta$ $\geq 0$ , we have
$9|a_{3}-\mu a_{2}^{2}|\leq\{$
$1+(1+\beta)^{2}(8-9\mu)\overline{\overline{4}}$ if $\mu\leq+_{91+\beta}^{8}$ ,
$1+ \mathit{2}\beta+\frac{2(8-9\mu)}{8-\beta(8-9\mu)}$ if $\frac{8\beta}{\neg 9(1+\beta}\leq\mu\leq\frac{8}{\mathfrak{g}}$ ,
$1+2\sqrt$ if $\frac{8}{9}\leq\mu\leq\ovalbox{\tt\small REJECT}_{91+}^{82+\beta}$ ,
$-1+ \frac{(1+\beta)^{2}(9\mu-8)}{4}$ if $\mu\geq\ovalbox{\tt\small REJECT}_{91+\beta}^{82+}$ .
For each $\mu$ , there is a function in $Q^{1}(\beta)$ such that equality holds in all cases.
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